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NON-HOLONOMIC CHAPLYGIN SYSTEMS

5.V. STANCHENKO

The tools developed in /1/ to describe holonomic systems on a tangent
bundle, and some concepts introduced in /2/, are applied to non-holonomic
Chaplygin systems. Through the use of differential forms, the concept

of quasicoordinates is defined, and the conditions studied in /3/ for the
existence of a Chaplygin reducing factor for systems with an arbitrary
number of degrees of freedom are formulated. The integral invariant is
shown to have properties characteristic for Chaplygin systems and different
from those established in /4/. The existence of an invariant measure

with density differentiable with respect to velocities in a potential-free
system implies the existence of a measure with density dependent only on
the coordinates, The invariance of a certain measure with density depen-
dent on the coordinates (but not on the velocities) in a potential-free
system implies invariance of the same measure after a potential has been
added. As an example it is proved that the equations of motion for a
non-holonomic Chaplygin sphere /5/ with arbitrary potential admit of an
invariant measure.

1. Statement of the problem. Quasicoordinates. ret TV"® be the tangent bundle
of a configuration manifold V* with local coordinates (q,q’). We define an operator d, acting
on functions by

n Py
duf=ZW!-in (1. 1)

i=1

Generalized forces will be represented by a l-form

Q= i§1 Qi(q. q)dg;

If 7 is the kinetic energy, deti] Ty il 55 0, then the equation
dd,T (X, -} = —dT + @ (1.2¥

defines a vector field X corresponding to the mechanical system /1/. Here dd,T 1is a closed
non-singular differential 2-form, and d7, @ are differential l-forms.

The form dd,T has a non-singular skew-symmetric matrix, and therefore the components
of the field X are determined as solutions of a system of linear equations; it has been shown
/2/ that the field X is "special”, i.e.,

kg

X= :y [ai%_"qi'%‘] (1.3)

T}

We consider a vector field defined in a more general way than (1.2), by the equation
QX,)=R (1.4)

where Q is a (not necessarily closed) 2~form. Let X be a special field, i.e., satisfying
(1.3).

Considering functions defined in a neighbourhood of the set 4 ={¢ ' =0,i=1,..., n}, we
can define the notion of homogeneity with respect to velocities. This notion can be extended
to vector fields and differential forms.

Definition 1. The forms dq, and fields 8/8g; are homogeneous with respect to velocities
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with degrees of homogeneity one and minus one, respectively. The degree of homogeneity of a
product of these objects by homogeneous functions is the sum of the degrees of homogeneity of
the factors.

Example. The differential form
Sas5 (q) dgi” A dgj + ZbifF (@ ax'dg; A dg;

and vector field
a a
13 L9 .9
Zcij (@) q; Qj aqk' +2qi aqi

are homogeneous of degree one in the velocities.
Note that the form Q in Eq.(1.4) is defined up to terms A such that

AX,)=0 (1.5)
The coefficients of a 2-form satisfying this condition may be analytic in the velocities,

and the form itself has a series expansion in the neighbourhood of the set A, whose terms are
homogeneous with respect to the velocities. For example,

A = g'dg, \ dgs -+ g5'dgy N\ dgy + ¢2'dgs N\ dgy
However, a form A satisfying condition (1.5) may also be constructed by other means.
Definition 2. Let 0 = 20;dg/ be a non-singular differential l-form on V", considered

as a form on TV"”. A quasicoordinate corresponding to 6 is a function g, not necessarily
defined throughout the phase space TV®, which satisfies the equation

Lyn = 6 (X) (1.6)
throughout its domain of definition.

Remarks. 1°. The right-hand side of the partial differential Eq. (1.6) is linear with
respect to the velocities: 8 (X)= 26;(q)a'.

20. The function =n is not uniquely defined by Eg. (1.6).

30, If the form 6 is exact, i.e., @=d¢g, then the function ¢ is a solution of Eq.(1.6).

The domain of definition of quasicoordinates for non-closed forms has not yet been in-
vestigated. We know, nevertheless, that although the function m itself need not be defined
throughout the phase space, its derivative along X can be continued to a smooth (analytic)
function 6 (X) on TV" This function is usually denoted by x'.

The introduction of m as a new coordinate generally requires explicit expression of =n
in terms of the ocld coordinates and vice versa.

The following example will illustrate a situation in which this complication does not
arise. Let ¢ be a cyclic coordinate, i.e., it does not occur explicitly in the coefficients
of the forms @ and R in Eq.(l1.4). 1In addition,

8 = %0;dg;, 6,0, R (0/dg) =0

Expand Q and R in terms of the forms 8, dg,, ...,dsa and collect all coefficients of § in
Q in a form y, so that Q@ =Q, 4+ ¢y A 6. Under our assumptions we obtain y(X)=0¢. This follows
from a comparison of the coefficients of 8 in Eq. (1.4).

Now put A =49y A (dn — 8). Obviously, if = is a quasicoordinate corresponding to 0, then
AX,)=0.

Putting @, =Q —+ A, we can write instead of Eg. (1.4) X, )= +yvAdn) (X, ) =R, where
the coordinate ¢ and differential dq, do not appear in Q, and R, and we can treat =n as a
new coordinate. In Sect.2 we shall develop a procedure to introduce "arc length" as a coordi-

nate describing the motion of a Chaplygin sleigh.

Remarks. 1. If dQ,=0,dy=0, this procedure yields the Hamilton equations: dQ, =
2. Since m is a cyclic coordinate in the new equations, its dependence on time does not
affect the entire solution. The time-dependence of a~ is, however, essential.

2, Chaplygin's equations. If a non-holonomic system involves cyclic coordinates, as
many as there are constraints, one can write the equations of the reduced system in a form
similar to (1.4). Consider a conservative mechanical system with Hamiltonian H* = T%* — U*
and phase space TM™, subject to k non-integrable, linear constraints which are homogeneous
functions of the velocities:

m

fr=da@e =0 s=1..k @
=]

Suppose that neither the Hamiltonian H* nor the functions a; explicitly contain the
coordinate ¢,. Put n =m — k.
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Theorem 1. The vector field of the reduced Chaplygin system may be defined on a certain
space TV" by the equation
Q X, )= —dH (2.2)

where X is a special field. Here H is the restriction of the Hamiltonian H* to the surface
2 ={=0}, and Q is a certain (not necessarily closed) 2-form.
We prove the theorem for the case in which the equations of the constraints can be written

as
m

fsEq.x. I 2 aaiqi' (2-3)
i=t41
Proof. The equations with Lagrange multipliers can be written

k
dd,T* (X' ) = —al* + 2]1 "'sdl'fs (2'4)

and A, are found from the condition

Lxf, =df,(X) =0 (2.5)
It has been shown (2) that the field defined by Egs. (2.4) is special on TM™. Consequently,
s (X)lz =fo|z =0 2.6)

In order to eliminate dependent velocities, we project the field X onto a suitable co-
ordinate subspace of dimension 2m — k. We then choose a function T that is identical with T*
on X and is independent of g¢,. Since T'* and T are identical on I, there exist functions k,
such that

K
T*=T + X bf,
=1

and hence, substituting this expression into (2.4) and using (2.5), (2.6), we deduce that at
points of X

k I
(dd,T + 3 hddof,) (X, ) = —dH + 3| (by — Lxh,) dof,
s=1

=1

Since the coordinates ¢, are cyclic, it follows that in this equation d,f, is the only
form involving dg,. Therefore A, — Lxh, = 0. Substituting the derivatives g, from (2.3) into
h,» we see that the resulting equation does not involve the variables g¢,, q, or their dif-
ferentials.

The field X is defined up to terms proportional to d8/dg, and 8/dq,. We shall say that
the field is reduced if the coefficients of 4/8q, and d/8q, vanish.

We finally obtain an equation for a special field on TV"™ = {{Gszs « » » Tms Trt1s « = +» Gm )} ¢
QX, ) =(dd,T + I hddpf,) (X, -) = —dH 2.7
=1

Note that the reduced equation is the restriction of the equation with multipliers to the
O-space of the forms d,f, df.

Corollary. 1If the system is natural, the form £ is homogeneous with respect to the
velocities.

Proof. Since T is quadratic, h, is linear, so differentiation d does not affect the
degree of homogeneity and d, changes it by one.

Example. Consider the motion of a Chaplygin sleigh on a horizontal plane. Let =z,¥ be
the coordinates of the runner on the plane, ¢ the angle of rotation of the runner, a, b the
coordinates of the centre of mass in a coordinate frame attached to the runner, and k is the
radius of intertia. Then

2T = (2" — @ (asin ¢ + bcos @))* + (y + (a cos ¢ — bsin )? + k@™
The equation of the constraint is
f=2zsing—y cosp=0
Changing to quasivelocities, we have

% =z cos@+ y sinp— by’ f= 2z sing—y coseg
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Then 27 == f2+4 %2 — 2at¢p’ 4 r*p®?, r? = ¢® + k% The equation with multipliers is
Q (X, )= (o9 — f} df — wax' -+ (af — 1°Q") d@” + Adpf

Using the equalities ddof = dp A dox’, ddo¥' = —dp A dpf, we can write
Q = (df — wdp — ad®’) A dof 4 (a%" 4 (f — ag’) do) A dp” -
(1*de" — adf) A dp
Put y = dx - {f — ag’) do. Comparing the coefficients on dex’, we see that yX)=0.
Let % be a function satisfying the equation Lgk = % in its domain of definition.
Then A(X,)=0, 1if A=y A (d%— dpe).
Consider the equation
(Q 4+ A) (X, -} = —dT + hdef

which yields the following reduced equation when one sets f=0 and restricts all forms to
the 0-space of df and d,f (X is a special field):

Q X, )= —dr
Q= du A dx -+ rde A dp - ap’dn A\ dg

. . a a o .8
2 =wrh s, X=agrta s+ u g+ @ g

The transformation to quasicoordinates and the conjugate quasivelocities does not induce
any diffeomorphism of the configuration space V", Consequently, if a transformation of this
type results in a phase space with the structure of a tangent bundle, this structure differs
from the previous structure. The old coordinates and velocities have been mixed.

Below we shall consider eguations of the type {(2.2) with a form €. homogeneous of degree
one, satisfying the non-singularity condition

Q" =g0, g+0 (0 =dg N\ ... N\dg. Nda, A\ ... /N dq.)
where @ is the form of the volume.
It can be shown that € can be expressed as
Q =da + 0, 0=23Zo," (@ ada A dg (2.8)

where o is some 1-form.

3. The Chaplygin reducing factor. A change of time variable corresponds to  re-
parametrization of the integral curve or, what is the same, multiplication of the velocity
vector by a certain function. The integral curves themselves remain unchanged.

Definition 3. A vector field X defined as in (2.2) has a Chaplygin reducing factor if
there exists a function N >0 such that the field X/N is Hamiltonian with the same
Hamiltonian, i.e., for some closed differential 2-form €4,

Q, (X/N, -) = —dH, d@Q, =0 3.1
Conditions for the existence of a reducing factor where discussed in detail in /3/. The
basic conditions are as follows.

Proposition 1. A reducing factor for a field X defined by (2.2) exists if and only if
there exist a function AN >0 and a 2-form A such that

dQ, = 0, Q, = NQ 4+ A, AX,)=0

This is simply a rephrasing of the definition. The following condition is less general
but more constructive.

Proposition 2. 1If there exists a function P on TV"* such that

AP Na=c (3.2)

then the field X defined by (2.2) and (2.8) has the reducing factor N =exp P.

Proof. Put N =exp P. Then by (3.2) we have dN A o=Ng. Hence

d (NQ) = d (Nda + No) = d (Nda + dN A a) = 0

and to satisfy condition (3.1) we need only put §, = NQ.

Corollary. 1If P is twice differentiable in the neighbourhood of A, then there exists a
reducing factor N, = N,{q).

Proof. By Hadamard's Lemma,
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P=Plrw-+ i2|1 4:;'Pi(q.q) =P, + Zvl q; P,

where P is differentiable with respect to the velocities. Eq. (3.2) may be written
(dPyNa—0o)+d(EgPINa=0 (3.3)

Ssince the forms o and ¢ are homogeneous of degree one, it follows that (3.3) is a set of
equations of the form
Zgia; (@) + 2gi'95'0i; (a0, ) =0 (3.9
where @; and b;; are certain functions, and the first term of (3.4) corresponds to the first
term of (3.3).
Differentiating (3.4) with respect to q and putting ¢ =0, we see that a; =0. Con-
sequently, the first term of (3.3) also vanishes, i.e.,

dPy \ @ =0, N,=expP,
The following fact is also worthy of note.

Theorem 2. If the field X defined by Eq.(2.2) has a reducing factor and the form NQ
is closed, then there exists an integral invariant with density p=gN"?}, where g is defined
by the equality Q" = go, and o isthe formof the volume.

Proof. By assumption, NQ(X/N,.) = —dH and d(NQ)=0. Let X/N =Y, then Ly (NQ) =
—ddH =0 and

0 = n(LyNQ) A\ (NP1 = Ly (NQ"=LxN"7'Q" = Lx (no)
The assumption that da and ¢ are homogeneous yields a number of useful conclusions.

4. Invariant measure. The equation defining the density of the integral invariant
ww may be written differently, e.g.,

It is convenient to define W = In (p/g). Then
LxW = ¢ (4.2)

where ¢ 1s some function.

Lemma 1. Let H =T —U, let do and ¢ be homogenecus of degree one and the field X
defined by (2.2). Then ¢ is linear in the velocities and independent of the potential and
potential forces.

Proof. Using the equality .go = Q" and performing some reduction, we obtain the equation
wLyW = —do (X, ) A Q"1 n/g (4.3)

on either side of this equation we have 2n-forms, i.e, products of the volume form by a
coefficient. The coefficient on the right is .

The form o involves the product of n differentials dg;. The factor € cannot contribute
more than one to the product. Each term of the form do(X,:) also involves at most one velocity
differential. If

o = Zoifan'dg N dgj
these terms are
Xk, . . .
N oy A A g, dg; — )" dg)
i<i
i.e., the coefficients of the form do(X,:) in these terms are linear in the velocities.

The form  is homogeneous of degree one, and therefore the coefficients of dg in it do

not involve the velocities. To complete the proof, we note that the expression on the right

of (4.3) involves only the coefficients of the forms da and o, and not the components of the
field X, which depend on the potential.

Theorem 3. If the special field X on TV"™ defined by (2.2) and (2.8) has an integral
invariant with density p = p (g§) for H =T, i.e., for U =0, then the same function p (q)
is also the density of the integral invariant for the field obtained when dU is added on the
right of (2.2), whatever the potential U = U (q).

Proof. By the lemma, nothing on the right-hand side of (4.2) is changed by the addition
of dU. But the left-hand side also remains unchanged, because if W = W (q), then

LyW = Zq,/0W/dq;

i.e., the field components, which depend on the potential, do not act on functions of 4.
Thus the density is determined by the same equation as before.
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The homogeneity property enables us to draw conclusions as to the local organization of
the invariant measure in potential-free systems.

Theorem 4. If the special field X on TV*® defined by (2.2) and (2.8) has an integral
invariant when U =0, with density pB = p{q,q) twice differentiable with respect to the
velocities in the neighbourhood of the set A, and the kinetic energy is a quadratic function
of the velocities, then

B (g, q) = po (@F (g, q)
where p, is the density of the integral and F is a first integral.

Proof. Since T is quadratic and & is homogeneous, it follows that X itself is homogene-
ous of degree 1. The rest of the proof is analogous to that of the corollary to Proposition 1
and is based on the expansion

W=lnp=Wleo+Z¢W, =W, +Z¢;W, =lnp,+ InF

Example. Consider the motion of a non-holonomic Chaplygin sphere on a horizontal plane.
In R*= RS X R} this motion is described by the equation

kK+eoexk=0 y+axXxy=0 {4.4)
k== Jo+ may X (0 Xy, I=dag{l, 17
@ = col (p, ¢, 7}, ¥ == col (¥1, V2, Vs

These equations have an integral <y, == p® (K> denotes convolution). Define spherical
coordinates on the surface p=1:

Vo= PSSy, Y2 = Py Vs = 06 J = —pis, {4.5)
Jo = det 9 (v1, var )0 (0 6, @) |
s =sinB, ¢=cos8, s =3sinQ, ¢z=cosQ

Embedding this surface in a space with coordinates (y,0,¢,p,q, 1 (we have added W), we
let X, denote the field corresponding to equations (4.4):

g g 3 8 2533 s\ &
Xs=a1*5;+as—aq—+as‘5;~+(ms—qu}“g@%-(f——P 5 —q—ga—)g(; %8

where @, a, a3 are functions of v (6, ¢).
By Theorem 1, the equations of motion of the sphere can also be obtained in the form of
(2.2), with TV ={{4,0,¢,¥,80, ¢)}. Transforming to angular velocities,

p = s+ By, g Pae, — s, r=ve+ g (4.7}
we let X, denote the corresponding special field.
Proposition 3. X.=X,+ X, where Xy = yo/op.

Proof. Define column vectors

dp Ad\psgsy - dbeg d,yr A d.g
dyo = d,q) = jOPsacs — dBsg}l, dd@=|d pAdr
d,r djep 4 deg dgAd.p
and a matrix
Yot — vava —T1V¥s
B=l —wm mP+v — v
— TV —¥e¥s P+t

The form Q can be written out explicitly:
Q =da-+ 0, o= —<{maBe, dd,0>
da == d (I + ma®B) @, dy®) = (I + ma’B) do, dy®> } (@, dd,0n)
= =3l-sydet|l + ma* B}

Multiplication, wherever necessary, is understood as outer multiplication of forms; Vir Ve V3
are the functions of the Euler angles 8,9 defined by (4.5).
It can be verified directly that

8 E 4 8 .3 L@ .
Xe= o gp +agr +aagr+ ¥ O ,T$=Xs+}‘w

where a), 4,4y are the same as in (4.6).
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Put J=J, )y = 5.
Lemma 2. The vector field X. has the invariant measure pJo,, where

o =dy A dO A dpAdp AdgA dr
po= [(ma®™t — <y, (I + ma2E)"ty>]7

Proof. This was proved for X, in /5/, and wa(pfmﬂ =0 follows from the fact that ¥

does not occur in any of the functions involved.

We now observe that although the functions g, =pJ and g may vanish, owing to singular-
ities in the system of coordinates (Euler angles), the quotient /g always remains positive,
and application of Theorem 3 yields the following simple proposition.

Proposition 4. For any function U= U(), the differential equations
kt+oxk=yxU/), v4+oxy=0 (4.8)

in R*= R, X R have an invariant measure pa, (0, 1is the form of the volume, w,=dn A dv:A
dys /\ dp A\ dg A\ dn.

It can be verified that (4.8) are the equations for a Chaplygin sphere with arbitrary
potential.

The author is indebted to V.M. Zakalyukin and N.K. Moshchuk for their interest and for
many discussions.

REFERENCES

1., GODBILLON C., Géométrie Différentielle et Méchnique Analytique. Hermann, Paris, 1969.

2. VERSHIK A.M. and FADDEYEV L.D., Differential geometry and Lagrangian mechanics with con-
straints, Dokl, Akad. Nauk SSSR, 202, 3, 1972,

3. ILIYEV IL., On the conditions for the existence of the Chaplygin reducing factor. FPrikl.
Mat. Mekh., 49, 3, 1985.

4, KOZLOV V.V., On existence of an integral invariant of smooth dynmic systems. Prikl. Mat.
Mekh., 51, 4, 1987.

5. CHAPLYGIN S.A., Studies in the Dynamics of Non-Holonomic Systems, Gostekhizdat, Moscow-
Leningrad, 1949.

Translated by D.L.



